It is shown that the second order moment of helicity distribution (the Levich-Tsinober invariant of inviscid hydrodynamics) can be preserved as an adiabatic invariant in magnetohydrodynamics. The distributed chaos approach and inertial range phenomenology have been developed for the magnetohydrodynamic processes dominated by this adiabatic invariant, and some consequences of the theoretical consideration have been compared with results of direct numerical simulations and measurements in solar wind.
I. INTRODUCTION
The multiplicity of regimes in fluids dynamics with active scalars and vectors (e.g. in the thermal convection and magnetohydrodynamics) is related to multiplicity of the invariants in such systems.
For instance, the helicity
where the helicity density
u(x, t) is the velocity field and ω(x, t) = [∇ × u] is the vorticity field, is a fundamental inviscid hydrodynamic invariant (see for a review Ref. [1] ). In magnetohydrodynamics (MHD), however, the helicity Eq. (1) is not invariant and the magnetic helicity and the cross-helicity
where B(x, t) is the magnetic filed, take its place (see the Ref. [1] and references therein).
It was shown (see Refs. [1] , [2] and references therein) that under certain rather general conditions the second order moment of helicity density is also an inviscid hydrodynamic invariant (the Levich-Tsinober invariant), and it will be shown in present paper that this invariant (unlike the helicity itself) can be preserved also in the magnetohydrodynamics as an adiabatic invariant.
The MHD regimes dominated by this adiabatic invariant have been studied in present paper using the distributed chaos approach and inertial range phenomenology, and compared with the results of direct numerical simulations (DNS) and measurements in the solar wind.
II. SECOND ORDER MOMENTS OF HELICITY DISTRIBUTION
The magnetohydrodynamics of incompressible fluids is described by equations:
where the normalized magnetic field b = B/ √ µ 0 ρ has the same dimension as velocity (the Alfvénic units),
is the Lorentz force, f u and f b are the external forcing functions (in the DNS these functions are usually concentrated in the large scales only).
Dynamic equation for mean helicity can be readily obtained from the Eq. (4) and in the inviscid case (ν = 0) has the form
where ... is an average over volume.
One can see from the Eq. (7) that the helicity is not an inviscid MHD invariant. However, if the correlation ω · (−F L + f u ) is considerable at large scales and it quickly becomes negligible for the smaller scales in a turbulent environment, then the second order moment of the helicity distribution (the Levich-Tsinober invariant of the inviscid hydrodynamics [2] ) can be an inviscid quasi-invariant of the magnetohydrodynamics as well. To show this the volume of motion should be divided into the cells V j (with boundary conditions ω · n = 0 on the surfaces of the cells -S j ), which move with the fluid [1] . For the cells with the small enough spatial scales (so that the correlation ω · (−F L + f u ) over the cell is negligible) the helicity density, averaged over the cell, can be considered as an adiabatic invariant in an inertial range of scales. We can use the following definition of the second order moment [1] with
For a strong MHD turbulence we can expect that the cells with the quasi-invariant H 2 j determine the sum in the Eq. (8) (cf. Ref. [3] and references therein) and, as a consequence, I is a quasi-invariant of the inviscid MHD dynamics and an adiabatic invariant in an inertial range of the viscid MHD turbulence.
It should be also noted that in the non-dissipative case dynamics of the magnetic field b is described by equation
that is similar to the equation describing inviscid dynamics of vorticity ω [1] . Therefore, the analogous consideration can be applied to the second order moment of the cross-helicity density
where
Hence, the second order moment of the cross-helicity density I cr is an adiabatic invariant in an inertial range of the dissipative MHD turbulence.
Taking into account the adiabatic invariance of the second order moment of helicity density I we can obtain a relationship between characteristic velocity u c and characteristic wavenumber k c in an inertial range using dimensional considerations
Analogously for the cross-helicity dominated case:
Since in the Alfvénic units b has the same dimensionality as u the same dimensional considerations result in
for the helicity dominated case and in
for the cross-helicity dominated case.
III. DISTRIBUTED CHAOS
In fluid dynamics and in plasmas the exponential spectra
are often appear at the onset of turbulent dynamics dominated by the deterministic chaos (see, for instance, Refs.
[4], [5] and references therein). The further development of turbulent dynamics usually results in fluctuations of the parameter k c and one has to use an ensemble averaging
in order to obtain the turbulent spectra. Therefore, an estimation of the probability distribution P (k c ) is crucial for this purpose.
A natural generalization of the exponential spectra Eq. (17) is the stretched exponential spectrum
Then, the problem is to find the parameter β in the Eq. (19) . For the stretched exponential spectra Eq. (19) an asymptotic of the P (k c ) at large k c can be readily obtained form comparison of the Eqs. (18) and (19) [6]
If we will write the relationships Eqs. (13) and (14) in a general form
and assume that u c has a Gaussian distribution with zero mean [7] a relationship
is following from the Eqs. (20) and (21). Then for the helicity dominated turbulence the Eq. (13) provides α = 1/4 and from the Eq. (22) we obtain β = 1/3, i.e the kinetic energy spectrum
whereas for the cross-helicity dominated turbulence the Eq. (14) provides α = 3/4 and from the Eq. (22) we obtain β = 3/5, i.e. the kinetic energy spectrum
Analogous magnetic energy spectra are following from the Eqs. (15) and (16) respectively.
It should be noted that the second order moments of the helicity (cross-helicity) distribution I (I cr ) can be substantial even in the case of negligible mean helicity (cross-helicty). Therefore, it is interesting to compare this approach with the approach of the Ref. [8] where the mean cross-helicty plays a crucial role.
IV. DIRECT NUMERICAL SIMULATIONS OF THE MHD TURBULENCE
In Ref. [9] results of direct numerical simulations of incompressible MHD turbulence with zero mean magnetic field in a periodic domain were reported. The random external solenoidal forces were concentrated in low wavenumbers: k < 2.5 (see the Refs. [9] , [10] for more details). The forcing did not generate mean magnetic and cross-helicity (the initial magnetic and cross-helicity were negligible).
The initial kinetic and magnetic energy spectra E u 0 (k) = E b 0 (k) = Ck 4 exp −(k 2 /2). The Taylor-Reynolds number based on velocity R λ = 159.
A threshold method of orthogonal wavelets was used by the authors of the Ref. [9] in order to split the current density and vorticity fields into incoherent (with many degrees of freedom) and coherent (with a few percent of the degrees of freedom only) parts. Figures 1 and  2 show (in the log-log scales) the kinetic and magnetic energy spectra obtained in this simulation. The spectral data were taken from Figs. 5a and 5b of the Ref. [9] . One can see that the energy spectra corresponding to the coherent (low-dimensional) part are slightly different from the entire spectra for the small scales (large k) only. Figures 3 and 4 show the kinetic and magnetic energy spectra with the dashed lines indicating the stretched exponential law Eq. (23). Comparison with the Figs. 1 and 2 allows us to conclude that the helical low-dimensional distributed chaos dominates the both kinetic and magnetic spectra in this DNS (see Ref. [11] about relation between the Levich-Tsinober invariant and coherent states in turbulence).
In Ref. [12] direct numerical simulations of decaying MHD turbulence with a superposition of deterministic (a Beltrami flow, cf. the Ref. [11] ) and random parts as initial conditions were performed. The deterministic part of the initial conditions consists of the ABC flows [13] in the large-scale wavenumber range 1 < k < 3, whereas the random part is represented by small-scale Gaussian fluctuations. The initial mean cross-helicity is negligible. Figure 5 shows the magnetic energy spectrum observed at t = 1.6 (the max. time of the system's evolution shown in the Fig. 2b of the Ref. [12] where the spectral data were taken from). The dashed line indicates the stretched exponential law Eq. (23).
It should be noted that the both Refs. [9] and [12] emphasized crucial role of the current and vorticity sheets in the MHD turbulence.
It is shown in recent Ref.
[14] that significant large-scale magnetic fields can be generated by helical turbulence in near incompressible conducting fluids despite the presence of strong small-scale dynamo effects. In the DNS reported in the Ref. [14] a helical δ-correlated in time forcing generates vortical motions in a large-scale wavenumber range around k f = 4. The Reynolds number Re = 3300 and the magnetic Prandtl number P r m = 0.1. Figures 6 and 7 show the kinetic and magnetic energy spectra with the dashed lines indicating the stretched exponential law Eq. (24). The spectral data were taken from Fig. 1 (final spectra) of the Ref. [14] . The dotted vertical arrows indicate position of the scale k β .
V. HELICAL SCALING IN SOLAR WIND
In hydrodynamics an analogy of the Komogorov phenomenology (where ε = |d u 2 /dt| is energy dissipation rate) was applied to helicity in an inertial range of scales [15] (see also Ref. [3] )
where ε h = |d h /dt|.
Since in the magnetohydrodynamics the mean helicity is not an inviscid invariant one cannot expect that this phenomenology will work in the magnetohydrodynamics (though in a very strong external magnetic field it can be applied to the case of quasi two-dimensional MHD turbulence [16] ). However, if the second order moment of helicity I is an inviscid MHD invariant (see above) one can try to generalise the Kolmogov phenomelogy on this case as well. Unlike energy or helicity the I-invariant is not a quadratic invariant. Therefore, the ε I = |dI 1/2 /dt| should be used for the Kolmogorov-like phenomenology in this case:
The Kolmogorov-like spectra Eq. (25) for magnetic field were observed at 1 AU for different phases of solar cycle (see, for instance, Refs. [17] , [18] and references therein). However, as it follows from the previous consideration, simultaneous spectra for bulk velocity and for magnetic field can provide a more valuable information. In the Ref. [19] the power spectra of the proton bulk velocity and corresponding magnetic field in the solar wind were computed using the data obtained by 'in situ' measurements at 1 AU (in the ecliptic plane ) acquired by the Wind spacecraft. The measurements were made near solar minimum: from 23 May to 16 July 1995. Figures  8 and 9 show the kinetic and magnetic energy spectra (the spectral data were taken from Fig. 6 of the Ref [19] ).
The solar wind mean velocity | V | (in the spacecraft frame) is usually considerably larger than the corresponding velocity fluctuations. Therefore, the Taylor "frozen-in" hypothesis can be applied in this case (see, for instance, Refs. [20] ), i.e the measured by a probe temporal dynamics reflects the spatial structures convected past the probe by the mean velocity. Hence the corresponding frequency spectra reflect the wavenumber ones with the replacement k ≃ 2πf /| V |.
The straight lines in the Figs. 8 and 9 are drawn in order to indicate the spectral laws Eqs. (25) and (27) (in the log-log scales). One can see that for the kinetic energy spectrum the inertial range of scales is dominated by the helical scaling Eq. (27), while for the magnetic energy spectrum there are two subranges of the inertial range: the large-scales subrange is dominated by the helical scaling Eq. (27) and the small-scale subrange is dominated by the Kolmogorov-like scaling Eq. (25).
